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Proper Orthogonal Decomposition (POD)

e Statistical tool to analyze experimental data:

The POD Is used to analyze the set of realizations with a view to extract-
ing dominant features and trends (coherent structures called patterns in
space)

e Reduced Order Modeling (ROM):

The POD is used to provide a relevant set of basis functions with which
we can Identify a low-dimensional subspace on which to construct a model
by projection of the governing equations
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POD

e A set of s snapshots £ = {ey, &, -, e} € R" are collected for some
physical process taken at position e.

e Construct the covariance matrix Q € R"*"
Q — EET (1)

o P ={p1, po, p3, - } are eigenvectors of a n x n eigenvalue problem with
eigenvalues Ay > Ao > A3 -

e Select the most dominant eigenmodes (patterns) based on the dominant
eigenvalues A,
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Ensemble Approach

e An ensemble of snapshot vectors of the forward model simulations Is
collected.

e [ he snapshots are perturbations with repect to estimated parameters yy;

OMi[x(tiz1), vl MilxP(tiz1), ¥k + Ay — Milx®(ti—1), vi]
OYk b Ay )

ex(ti) =

e A reduced POD basis is obtained on the basis of this ensemble.
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Ensemble Approach

e [ he reduced basis P Is used to obtain approximate objective function:
JAy)=n"B '+ > [{y(t) — HXP(6:)} -
i=1

AE(t, AT R {y(t) — H(X*(:)} — HE(t:, AY)] (3)
¢ Is a reduce time-varing state vector;

(9)-(29) (%)

/\7,- and /\77 are reduced dynamics operators which are computed as:

— pl
M= P s’ (5)
~ OM, oM,
M,=PT(—, ... — 6
Y (a,yl a’Yu) ( )
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Ensemble Approach

e \Ve compute the jacobian % by perturbing the nonlinear operator M,
along pattern direction.

oM, _ Mi[xP(ti—1) + epn i) — MilxP(ti1), vid
8xb(t,-_1)ph — - (7)

e Now the reduced dynamics operator /\Nﬂ,- IS obtained as:

~ oM. oM.
M =P’ ! PR —
(Bxb e )P (g )P (8)

e [he dimension of reduce model Is smaller than that of original model.

e Reduced model has linear characteristics. So it Is easy to build a adjoint
model for the computation of gradient.
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The DCSM(v5)

e | arge part of the area lies below mean sea water level

e 1 Feb 1953: severe storm surge, casualities in southwestern part

e Delta project: dikes, moveable surge barriers at the entrance of Harbor
e \Vater level prediction system
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DCSM(v5)

e One outer iteration(B) with POD based calibration method:

-Depth
-Bottom Computed Computation Calibration
Friction %I L=l > \ waterlevels of J is accepted
-Boundary
conditions
Measured
waterlevels Ensemble of
forward
simulations
Adjust
-Depth g;gl?g;itrﬁate LO-EEY
. Bottom .e approximate é POD basis
Friction cost function e mecs!
-Boundary N
conditions
Low-order
approximate
liear adiaint 9- New parameters
model
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The POD modes capture energy
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Cost function versus No. of Outer lterations
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Location of Stations Assimilation Results near Dutch Coast
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Location of Stations Validation Results
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results(contd)

e Computational cost of the algorithm:
e Number of parameters: 13

The computational cost i1s given In terms of No. of simulations
of the original DCSM model.

background cost function : 3
Ensemble collection(only once): 3
Reduced model formulation: 1/2
Optimization :negligible( 1/20)

e So the computational cost of the entire optimization is < 7 model sim-
ulations.
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Conclusions and Future Work

e Negligible Optimization cost with the POD based model reduction tech-
nique.

e Classical method, adjoint of tangent linear model

e POD based method gives adjoint of linear reduce forward model
e Adjoint method gives exact gradient, more accurate

e POD based method gives approximate gradient.

e The POD method Is dependent on the number of parameters. If the
number of parameters are too large, the size of ensemble I1s too big and
It 1s difficult to find a good approximate model.

e [ he cost of ensemble in each outer iteration can be reduced by using the
same ensemble.
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THANK YOU
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