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MOTIVATION

An important assumption made Iin variational and ensemble data

assimilation is that the state variables and observations are Gaussian
distributed

Note: The difference between two Gaussian variables is also a
Gaussian variable.

Is this true for all state variables?

Is this true for all observations of the atmosphere?
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REAL LIFE EXAMPLES

This data is column water vapour climatologies from the Oklahoma ARM-
SGP site from 1997-2000 where the data are of when a boundary layer
cloud was present

We have taken the observations and have sorted them by season as well

as for the whole year. The data was collected using a microwave
radiometer.
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BEST LOGNORMAL AND NORMAL FITS FOR CWV FOR DJF
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BEST LOGNORMAL AND NORMAL FITS FOR CWV FOR JJA
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BEST LOGNORMAL AND NORMAL FITS FOR CWV FOR ALL SEASONS
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Current Technigues used with non-Gaussian Variables

1) Transform by taking the LOGARITHM of the original state variable. This
then makes the new variable ALMOST GAUSSIAN. Minimize the cost
function with respect to this variable, TRANSFORM BACK and initialize
with this state. STATE FOUND IS A NON-UNIQUE MEDIAN OF THE
ORIGINAL VARIABLE, (Fletcher and Zupanski 2006a, 2007).

2) Assumed Gaussian assumption and BIAS CORRECT.

3) Using a Markov-Chain Monte-Carlo approaches (Posselt et al. 2008)
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PLOT OF LOGNORMAL DISTRIBUTIONS
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PLOT OF TRANSFORMED NORMAL DISTRIBUTIONS
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PLOT OF TRANSFORMED NORMAL DISTRIBUTIONS

PLOT OF LOGNORMAL DISTRIBUTIONS
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RANDOM LOGNORMAL SAMPLE WITH pu=0, 6=0.5, SAMPLE=20,000 RANDOM LOGNORMAL SAMPLE WITH p=0, c=1, SAMPLE=20,000
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RANDOM LOGNORMAL SAMPLE WITH p=0, 6=0.5, SAMPLE=20,000

RANDOM LOGNORMAL SAMPLE WITH u=1, 6=0.5, SAMPLE=20,000
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PROBLEMS ASSOCIATED WITH CURRENT

TECHNIQUES

ASSUMED GAUSSIAN:

IMPACT 1: Wrong probabilities assigned to outliers.

IMPACT 2: Probabilities assigned to unphysical values.

IMPACT 3: Wrong statistic used to approximate the true distribution of the
random variable.
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MISCONCEPTIONS ABOUT LOGNORMAL DATA
ASSIMILATION

1) The theory holds as the background solution is independent of the true
solution, it is only an approximation and statistically has no information
about the true solution.

2) The theory holds for the observational component as the observations
are independent of the observations operator and vice-versa.

3) If two solutions have a relative error of 50% then we are still out by a
factor of two in both cases no matter what order of magnitude.
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4D LOGNORMAL DATA ASSIMILATION

Unlike with the three dimensional version of variational data
assimilation, the four dimensional version is defined as a weighted
least squares problem.

The Gaussian weighted least squares approach to 4D VAR
IS defined through a calculus of variation problem with initial
conditions found through the adjoint.

This weighted least squares approach can be defined for a
lognormal framework, which is defined by the following inner product

0,(x,)= _“”220” ¥i = Ink(M; (x)), R (In y; = In iy (M (x, )))>
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As with the Gaussian case we know that the first variation of the functional
defined on the previous slide is equivalent to

I\IO

(x6) =D (I, = Iy (M; (x, ), Wy HIML R 3y |

1=1

= <Vg1(x0 )1 5”O>

Through using the properties of inner products we get that the gradient is
N

0

Va,(x))= Z(Wo,iHi M iRi_l)T (Iny; = Ink (M;(x, )))

R
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The solution is a median and not the mode and hence is independent
of the variance.

We need to define the functional as

92(x0)=

J‘”NZ;”‘ yi—Inky(M;(x;))+ R" 1, R (In y; — In iy (M, (xo)))>

Which then has a gradient of

ng(x0)= i(Wo,iHiMiRi_l)T (In yi—Inh (Mi (xo))"' R'1

W
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Current Gaussian approach

‘JG(XO):§<R:J( i _hi(

=1

()M =y (Mo, (x,)

Improved Transform technique

zi@(myi —In(h; (M (

xo) ) (iny, ~In(h; (M, (x, )

New Lognormal 4D VAR approach:

|

N (xo)=§:<lny ~In(h

{) iy, - Inf
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PROBABILITY APPROACH
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P(x0’x1)x2)---3xNo‘yl’yZ’yS'””’yNo)=
P(xo)P(xl‘xo)P(yl‘xpxo)P(xz‘J’z1xz’xo)

...P(yNO xN,yNo_l,xNo,...,yl,xl,xo)

The expression above is Bayes theorem for a multi-event probability
situation. It can be simplified through using conditional independence.

P(Xo,Xl,XZ,. . .,xNo‘yl,yz,yg,. . .,yNO):
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Taking the negative logarithm of the circled pdf in the previous
slide results In

-

min< J(x,)=—1In P(XO)_:\IZZIH P(y,[%, )t

\

N

J

This can now be used to derive a 4D VAR system for any
distributed random variable
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P(xoyxpxz’---)xNo‘yl’yZ’y”""yNo)=

P(x, )lN:ll ID(J’i \x,,)

For themultivarige Gaussiancase we have

P(x,)oc exp{— ;(xo ~ xb,O)T By 1(x0 - xb,O)}
P()’i X ) o exp{— ;(J’i - h(Mi(x,)) Ry, — I(M;(x, )))}
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For the multivariate lognormal case we have

P(xo)oc{lﬂ[ Yo Jx

i=1 %b,0,j

exp{— ;(In x, —Inx,, )T Bgl(ln x, —Inx,, )}

P(yi \x(,)oc (IN_[ hi,k(M(xO ))J o

K] Yi k

exp{— ;(J’i —h, (M i (x,, )))T Ri_l(yi —h, (M i (x(, )))}
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Results with the Lorenz 1963 model
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We are going to be using the hybrid Gaussian-lognormal distribution and
comparing it with the transform approach. The associated cost function is

Inx

J -

—Inx, ,

1x)=5 (gb - &) BiMel — )+ 4] (;E:
e N,
+Z(8(I,i _go’i)T Ri_l( €o,i ~ &g |) Z Z’::
=1
Xp, ~ Xp,p ypi_hp|(x)

{

Inyyi—Inhy .(x))

EH/HH
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Example with the Lorenz 1963 model

The three non-linear differential equations are given by (Lorenz 1963)
X = —0X+ oy
Yy=—XZ+ pX—Y
Z=Xy—pz
X, =—5.4458, y,=-5.4841 AND z, =22.5606

,B=§, oc=10 AND p=28

Going to assume x and y components and the associated obs are

Gaussian, z is lognormal

(Fletcher and Zupanski 2007)
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DIFFERENCES

DIFFERENCES
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Conclusions and Further Work

» Careful which statistic to use to analyses

» Mode is closer to the true trajectory in the Lorenz 63 model

» Possible to assimilate variables of mixed types simultaneously
» Combine other distributions?? i.e. Gamma, Normal, Lognormal
» More consistent methods for finding positive definite variables

» No need to change background error covariance matrix (if already
using the transform approach)
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