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The ensemble filter idea
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The ensemble square root filter (Tippett et al.

2003)
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The ensemble square root filter (Tippett et al.

2003)
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The ensemble square root filter (Tippett et al.

2003)

Ensemble :

Ensemble
mean:

Perturbation
matrix:

{Xi X €R izt m

vy — |1 m .
X =1 it X

_ 1 5 5 v
X = m_1(x1—x Xo—X ... Xp—X

size n x m, low rank
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The ensemble square root filter (Tippett et al.

2003)

Ensembile : {Xi X €R izt m
5 _ 1 m )

Ensemble X= > iiqX
mean:
Perturbation X= m_1(x1—i Xo—X ... Xp—X
matrix:

; . _ T _ A1 m oy g\T
Covariance: P=XX"= 5> iL(Xi = X)(x; —X)".

size n x n, low rank
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Ensemble forecast

Each member is forecast using a nonlinear model
X(tt1) = F(x(t)),

to the time of an observation y, € RP.
Vi = H(X(t)) + €,

where
@ His an observation operator such that H : R” — RP

@ ¢ is a stochastic variable with mean zero and
covariance Ry.
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Observation update

Update mean: xa =x" + K(y - y")

Update perturbations: X7 =XT

where

Forecast obs ensemble y,f = H( ,f)

Perturbation matrix Y = ﬁ Y, y! )
as columns

Gain matrix K=X(Y)"D"!

D=Y(Y)T +R.

TT =1 (Y)’D Y.

We never have to compute P = XX |
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e What are the known problems with under-sampling?
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Known problems with under-sampling (1)

@ Under-estimation of variance (e.g. Anderson and Anderson, 1999; Hamill et Stability and
al., 2001; Furrer and Bengtsson, 2007) Loctﬁ!zggan n
@ Background is too strongly weighted compared with the Dance et al
observation.
Ensemble
SRF
1 Under-
—true bg sampling
- = ohs
T 05 \ - == analysis Stability
_A/—\ Localization
Lh 5 0 5 10 The
variable Khatri-Rao
q product
" underest. bg Conclusions
- —obs
Bo05 N === analysis
M
4
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@ Covariance inflation



Known problems with under-sampling (2)
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e What implications does under-sampling have for filter
stability ?
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Feedback form

Observations

Updated model
state

Model state Assimilation

L

Combine the forecast and observation update steps to write
the filter in feedback form:

X3(teq1) = F(X3(tk)) + Kip1 (Vo1 — HE(X3(k))))-
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Error equation

Let e;(t) = x3(tx) — x!(t), i.e., the error in j-th analysis
ensemble member at time .

Seek an approximate error evolution equation by linearizing
about the true state ...
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Error equation

Stability and
. . . . Localization i
Let e(t) = x3(t) — x!(), i.e., the error in i-th analysis *hoSAF |
ensemble member at time . Dance et al
Seek an approximate error evolution equation by linearizing  [Es
about the true state . .. Under-
sampling
Error equation Stability
_ _ . Localization
e(f+1) = (I — Kgy1H) Fe(t) + higher order terms. i
Khatri-Rao
Here F and H are the Jacobians of f and H respectively, product
Conclusions

evaluated at x!

° Tﬁ will converge to the true state if |ex| — 0 as fx — oo.

@ We expect that the eigenvalues of (I — K, 1H) F lie
within the unit circle.



What can go wrong? An example

Suppose F=alandp=n,H=1.
The gain matrix becomes
K= Xf(xf)TD—17

an n x n, square matrix with rank at most m— 1.
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What can go wrong? An example

Suppose F=alandp=n,H=1.
The gain matrix becomes
K =X (XD,
an n x n, square matrix with rank at most m— 1.

Writing K in its Jordan normal form,
_ Jo O _1
K=E < 0 0 > E',

(I—KH)F:aE( 1= Jo 0>E‘1.

we have

0 |

Thus we have a set of eigenvalues equal to « that do not lie
within the unit circle. Errors in the analysis will grow over
time!
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What can we do about it?

@ The problem in this example arose because P/ was not
full rank.

@ Clearly it would be desirable if we could modify the
algorithms so that the approximation to this matrix is full
rank.

@ Although it would not necessarily guarantee that the
algorithms are not unstable for some other reason!
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@ Localization and the Schur product
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The Schur product

Stability and
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The Schur product (Schur, 1911) is defined as an Dance et al
elementwise product between two matrices of the same S
size, thus, if A, B € R¥*/ then the i, j-th element of their SR
Schur product may be written e

Stability
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The
T2\ (5 6)_([1x5 2x6
3 4 7 8) \3x7 4x8 /°

Khatri-Rao
product

Conclusions




Properties of the Schur product (1)
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Hence, if we choose a positive definite covariance matrix p,
poP

is a full rank covariance matrix!



Localization

Stability and
Localization in
the SRF

If we pick p to be the matrix to be a positive definite banded
covariance matrix, then we can also use p to remove Ensemble
spurious correlations (e.g. Hamill et al, 2001). SR

!

Under-
sampling

poP = Stability




Localization in a square root filter

@ For a SRF, it is not obvious how to apply the localization
technique consistently using the Schur product.

@ Firstly, the calculation of p o P in the Kalman gain
requires the calculation of P = XX

@ How can you compute a consistent ensemble
perturbation update?
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The Khatri-Rao product (Rao and Rao, 1998)
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The Khatri-Rao product provides us with a factorization of Pance et
the Schur product equation: Ensernble
Theorem (Factorization of the Schur product) e
IfP is an n x n matrix such that P = XX with X of size Stability
nx m, and p is also an n x n matrix, such that p = CCT with | |k
C of size n x k, then Ko Rao
product
po P = (CT ® XT)T(CT ® XT) Conclusions

But what is ©®?



The Khatri-Rao product

Let A and B be a matrices with r columns. Let «; be the i-th Stability and

Localization in

column of A and 3; be the i-th column of B. The Khatri-Rao the SRF
product of A and B is the partitioned matrix Dance et al
Ensemble
AGOB = (1 ®B1|laz ® Ba]...|lar® Fr), LSJRZ
sampling

where ® indicates the well-known Kronecker product. —
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Applying the product to the SRF

@ We would like to replace X with (C” © X7)7 in the SRF
algorithm.

@ ButXisnx mand (C"®X")Tis nx mn, so we need
to reduce the size of this matrix again at the end of the
analysis step

@ Bishop and Hodyss (2009) have done something
similar for ETKF, using a different approach to reduce
the ensemble size.

@ Future work to compare these approaches, and apply
the K-R product to different SRFs
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Conclusions

@ The ensemble SRF suffers from problems with
under-sampling

@ It is well known that this causes under-estimation of
variance and spurious correlations

@ New examples show that low rank may lead to filter
divergence

@ Rank problem can be corrected using Schur product, or
Khatri-Rao product for an SRF

@ We are working on implementing the K-R product for a
number of filters
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